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1948
Programming of 
Interdependent Activities
II: Mathematical Model
 George B. Dantzig

 Econometrica 17 (1949)

“Linear Programming”
 Formulations & applications

 No algorithm

“It is proposed to solve linear 
programming problems . . . by means 
of large scale digital computers . . . .  
Several computational procedures 
have been evolved so far and research 
is continuing actively in this field.”
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1947
Maximization of a Linear 
Function of Variables Subject 
to Linear Inequalities
 George B. Dantzig
 Activity Analysis of Produc-

tion and Allocation (1951)

“Simplex Method”
 Proof of convergence

 No computers

“As a practical computing matter the 
iterative procedure of shifting from 
one basis to the next is not as 
laborious as would first appear . . .”
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1953
An Introduction to
Linear Programming
 W.W. Cooper, A. Henderson

 A. Charnes

“Simplex Tableau”
 Symbolic description

 Numerical example

“As far as computations are concerned 
it is most convenient to arrange the 
data at each stage in a ‘simplex 
tableau’ as shown in Table I.12”

“12A. Orden suggested this efficient 
arrangement developed by himself, 
Dantzig, and Hoffman.”



Robert Fourer, The Origins of a Practical Simplex Method
INFORMS Annual Mtg, S.F. — 9-12 Nov 2014 — MB08 Celebrating George Dantzig

Linear program
Minimize ࢉ ∙ ࢞
Subject to ࢞	ܣ ൌ ࢈

࢞ ൒ ૙

Data
࢈ ൌ ܾଵ, . . . , ܾ௠
ࢉ ൌ ሺܿଵ, . . . , ܿ௡ሻ
ܣ ൌ ሾܽ௜௝ሿ, with ݉ rows ࢏ࢇ and ݊ columns ࢐ࢇ

Variables
࢞ ൌ ሺݔଵ, . . . , ௡ሻݔ
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Terminology
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Basis
 ࣜ, ࣨ, sets of basic and nonbasic column indices

 ࣜ ൌ ݉, ࣨ ൌ ݊ െ݉
 ࢞ ,ࢉ corresponding subvectors of ,ࣜ࢞ ,ࣜࢉ

Basis matrix
 ࣜ nonsingular ,ܤ ൈ |ࣜ| submatrix of ܣ
 ଵିܤ ൌ ሾݖ௜௝ሿ, with |ࣜ| rows ࢏ࢠ and |ࣜ| columns ࢐ࢠ
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Terminology (cont’d)
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Given
,௜ݔ ݅ ∈ ࣜ (the basic solution)

,௜௝ݕ ݅ ∈ ࣜ, ݆ ∈ ࣨ (the tableau)

௝݀ , ݆ ∈ ࣨ (the reduced costs)

Choose an entering variable
݌ ∈ ࣨ: 	݀௣ ൏ 0

Choose a leaving variable
ݍ ∈ ࣜ: ௤ݔ	 ⁄௤௣ݕ ൌ min

௬೔೛வ଴
௜௣ݕ/௜ݔ

Update
 one pivot on a |ࣜ| ൅ 1 ൈ ሺ|ࣨ| ൅ 1ሻ tableau

 ௜ݔ ≡ ௜଴,  ௝݀ݕ ≡ ଴௝ݕ
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Tableau Simplex Method
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Inefficiency
 ܱሺ ࣜ ൈ ࣨ ሻ numbers to compute

 ܱሺ ࣜ ൈ ࣨ ሻ numbers to write and store

Instability
 Rigid computational rules
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Disadvantages
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1953
The Generalized Simplex 
Method for Minimizing a 
Linear Form under Linear 
Inequality Restraints
 George B. Dantzig,

Alex Orden, Philip Wolfe
 Project RAND Research

Memorandum RM-1264

“Lexicographic Simplex Method”
 Prevent degenerate cycling

 Reorganize computations

“The k+1st iterate is closely related 
to the kth by simple transformations 
that constitute the computational 
algorithm [6],  . . .”
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1951
Computational Algorithm of 
the Revised Simplex Method
 George B. Dantzig
 Project RAND Research

Memorandum RM-1266

“Revised Simplex Method”
 Break ties for leaving variable

 Update basis inverse

“The transformation of just the 
inverse (rather than the entire matrix 
of coefficients with each cycle) has 
been developed because it has several 
important advantages over the old 
method: . . .”
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Given
,௜ݔ ݅ ∈ ࣜ (the basic solution)

,௜௝ݖ ݅ ∈ ࣜ, ݆ ∈ ࣜ (the basis inverse)

,௜ߨ ݅ ∈ ࣜ (the prices)

Choose an entering variable
݌ ∈ ࣨ:		݀௣ൌ ܿ௣ െ ࣊ ∙ ൏	࢖ࢇ 0

Choose a leaving variable
௜௣ݕ ൌ ࢏ࢠ ∙ ࢖ࢇ
ݍ ∈ :ܤ ௤ݔ		 ⁄௤௣ݕ ൌ min

௬೔೛வ଴
௜௣ݕ/௜ݔ

Update
 one pivot on a |ࣜ| ൅ 1 ൈ ሺ|ࣜ| ൅ 1ሻ tableau

 ௜ݔ ≡ ௜ߨ  ,௜଴ݖ ≡ ଴௜ݖ
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Revised Simplex Method
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Smaller tableau update

Sparse operations
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Advantages

“. . . In the original method (roughly) ݉ ൈ ݊
new elements have to be recorded each 
time.  In contrast, the revised method (by 
making extensive use of cumulative sums of 
products) requires the recording of about 
݉ଶ elements . . . .”

“In most practical problems the original 
matrix of coefficients is largely composed of 
zero elements. . . . The revised method 
works with the matrix in its original form 
and takes direct advantage of these zeros.”
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Inefficiency
 ࣜ ൈ |ࣜ| numbers to compute

 ࣜ ൈ |ࣜ| numbers to write and store

Instability
 Rigid computational rules

However . . .
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Disadvantages

“. . . the revised method (by making 
extensive use of cumulative sums of 
products) requires the recording of about 
݉ଶ elements (and an alternative method [5] 
can reduce this to ݉ . . .).”
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1953
Alternate Algorithm for the
Revised Simplex Method
 George B. Dantzig,

Wm. Orchard-Hays
 Project RAND Research

Memorandum RM-1268

“Product Form for the Inverse”
 Fully sparse representation

 Practical computation

“Using the I.B.M. Card Programmed 
Calculator, . . . where the inverse 
matrix is needed at one stage and its 
transpose at another, this is achieved 
simply by turning over the deck of 
cards representing the inverse.”
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Given
ࣜ࢞ (the basic solution)

ଵିܤ ൌ ௞ିଵିଵܧ௞ିଵܧ ଵିଵܧଶିଵܧ⋯ (factorization of the basis inverse)

Choose an entering variable
࣊ ൌ ௞ିଵିଵܧ௞ିଵܧࣜࢉ ଵିଵܧଶିଵܧ⋯
݌ ∈ ࣨ: 	ܿ௣ െ ࣊ ∙ ൏	࢖ࢇ 0

Choose a leaving variable
࢖࢟ ൌ ௞ିଵିଵܧ௞ିଵܧ ࢖ࢇଵିଵܧଶିଵܧ⋯
ݍ ∈ ࣜ: ௤ݔ	 ⁄௤௣ݕ ൌ min

௬೔೛வ଴
௜௣ݕ/௜ݔ

Update
 add a factor ܧ௞ାଵିଵ to the product

 update basic solution to ࣜ࢞ െ ሺݔ௤/ݕ௤௣ሻ	࢖࢟
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Product-Form Simplex Method
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Form of the factors
 ௜ܧ is an identity matrix except for one column

 . . . and so is ܧ௜ିଵ

Storage of the factors
 nonzeros only of the one column, in (row,value) pairs

 diagonal element first

Update of the factors
 ௞ାଵܧ is an identity matrix except for ࢟௣ in column ݍ
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Factorization of the Inverse
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Given
ࣜ࢞ (the basic solution)

a factorization of ܤ suitable for computation

Choose an entering variable
solve ࣊ࢀܤ ൌ ࣜࢉ
݌ ∈ ࣨ: 	ܿ௣ െ ࣊ ∙ ൏	࢖ࢇ 0

Choose a leaving variable
solve ࢟ܤ௣ ൌ ௣ࢇ
ݍ ∈ ࣜ: ௤ݔ	 ⁄௤௣ݕ ൌ min

௬೔೛வ଴
௜௣ݕ/௜ݔ

Update
 update factorization to reflect change of basis

 update basic solution to ࣜ࢞ െ ሺݔ௤/ݕ௤௣ሻ	࢖࢟
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Modern Simplex Method
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1963
Linear Programming
and Extensions
 George B. Dantzig

“Because some readers might find that 
the matrix notation of §8.5 [The 
Simplex Algorithm in Matrix Form] 
obscures the computational aspects, 
we have tended to avoid its use here.”

“. . . the simplex algorithm . . . starts 
with a canonical form, consists of a 
sequence of pivot operations, and 
forms the main subroutine of the 
simplex method.”
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1968
Advanced 
Linear-Programming 
Computing Techniques
 William Orchard-Hays

“I hope that the many users of 
mathematical programming systems 
implemented on today’s large 
computers find the book valuable as 
background for the largely 
undocumented algorithms embedded 
in these systems. If it should also be 
found useful as a course text, all 
objectives will have been achieved.”

“Except for [a few sections], the 
contents of the book reflect actual and 
extensive experience.”
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Simple
 No linear algebra

 No matrices & inverses

 All computations in “pivot” step

 Easy to set up for hand calculation

Familiar
 Professors learned it

 Textbooks use it

 Proofs use it

But not inevitable . . .
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Tableau Simplex Revisited
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Given
ࣜ࢞ (the basic solution)

ܤ (the basis)

Choose an entering variable
solve ࣊ࢀܤ ൌ ࣜࢉ
݌ ∈ ࣨ: 	ܿ௣ െ ࣊ ∙ ൏	࢖ࢇ 0

Choose a leaving variable
solve ࢟ܤ௣ ൌ ௣ࢇ
ݍ ∈ ࣜ: ௤ݔ	 ⁄௤௣ݕ ൌ min

௬೔೛வ଴
௜௣ݕ/௜ݔ

Update
 update basic solution to ࣜ࢞ െ ሺݔ௤/ݕ௤௣ሻ	࢖࢟
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Essential Simplex Method


